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Model Re� nement Using Eigensystem Assignment

Peiman G. Maghami¤

NASA Langley Research Center, Hampton, Virginia 23681-2199

A novel approach for the re� nement of � nite-element-based analyticalmodels of � exible structures is presented.
The proposed approach models the possible re� nements in the mass, damping, and stiffness matrices of the � nite
element model in the form of a constant gain feedback with acceleration, velocity, and displacement measurements,
respectively. Once the free elements of the structural matrices have been de� ned, the problem of model re� nement
reduces to obtaining position, velocity, and acceleration gain matrices with appropriate sparsity that reassign
a desired subset of the eigenvalues of the model, along with partial mode shapes, from their baseline values to
those obtained from system identi� cation test data. A sequential procedure is used to assign one conjugate pair
of eigenvalues at each step using symmetric output feedback gain matrices, and the eigenvectors are partially
assigned, while ensuring that the eigenvalues assigned in the previous steps are not disturbed. The procedure
can also impose that gain matrices be dissipative to guarantee the stability of the re� ned model. A numerical
example, involving � nite element model re� nement for a structural testbed at NASA Langley Research Center
(Controls-Structures-Interaction Evolutionary model) is presented to demonstrate the feasibility of the proposed
approach.

Introduction: Problem Statement

T YPICALLY, the spacecraftstructurecanbemodeledas a linear,
time-invariant� exible system,which in turncan be represented

by the following second-orderdynamical equations:

M ẍ + D Çx + K x = H f (1)

where M is the positive de� nite mass matrix, D is the positive
de� nite (semide� nite in the presence of rigid-body modes) damp-
ing matrix, K is the positive de� nite (semide� nite in the presence
of rigid-body modes) stiffness matrix, H is the disturbance input
in� uence matrix, x is a k £ 1 vector of displacements, and f is a
e £ 1 vector of disturbances to the system. Usually, a � nite element
analysis is used to obtain these matrices analytically.However, the
accuracy of the � nite element model in predicting the dynamical
behavior of the structure depends on a number of factors, such as
proper knowledge of element and component material and geo-
metric properties, appropriatemeshing, correct joint modeling, etc.
From past experience with � exible structures, the accuracy of the
� nite element model is limited when compared to test results from
modal parameter identi� cation. In almost every structure, the modal
frequencies and amplitudes predicted using � nite element models
differ from thoseobtainedfrom modal testing.This lack of accuracy
in modal parameters can be a detriment to control system design.
Control system design for � exible systems is challenging because
of their special dynamic characteristics: a large number of struc-
tural modes within the controller bandwidth; low, closely spaced
modal frequencies; very small inherent damping; and insuf� cient
knowledge of the parameters.1

Control system design requires accurate knowledge of the plant
that is to be controlled. In the case of spacecraft control systems,
this means that an accurateknowledge of the parameters associated
with the � exiblemodes of the spacecraft,such as modal frequencies,
damping ratios, and mode shapes, is required. The need for accu-
rate knowledge is particularlycritical for the modal frequencies. In
traditionalgain-stabilizedspacecraftcontrol design, this knowledge
is required to achievenominal performancewhile guaranteeingsta-
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bility margins in the form of phase and gain margins. In modern
control system design, which may be gain or phase stabilized, this
knowledge is required to achieve nominal performance as well as
speci� c degrees of stability and performance robustness.

One approachto obtainaccuratemodelsof � exible structuresis to
use models that can be extracted directly from system identi� cation
(ID) or modal test data. This is a feasible approach,which has been
quite successful in a number of applications.However, the useful-
ness of this approach is limited in that the re� ned model obtained
applies only to the hardwarecon� gurationof the system ID. In other
words, the model obtained from system ID data is only valid at the
input/output channels that are used in the test setup. If the model of
a component changes, additional inputs or outputs are included, or
simply new elements are added, the model obtained through system
ID loses its relevancy unless additional system ID tests are per-
formed. Moreover, these models do not easily lend themselves for
other required performance and reliability analyses, such as stress
and strain analysis, vibration and jitter analysis, etc. To overcome
the limited aspect of the system ID models, one can use an analyt-
ical model obtained through � nite element analysis, provided that
these models can be made to have suf� cient accuracy for designand
analysis. Thus, in this paper we address the problem of re� ning the
analyticalmodel of the � exible spacecraftusing the system ID data.

To date, different techniqueshave been proposed for re� ning the
� nite elementmodel of a � exible structurebasedon modal testingor
system ID procedures.2,3 Model re� nement involves techniquesthat
re� ne the � nite element model by minimizing the level of disagree-
ment between the model and test results. These techniques gener-
ally start with a set of parameters of the model (typically, physical
parameters at the element level, e.g., material and geometric prop-
erties) and systematically tune those parameters to reduce or min-
imize some measure of disparity between the model and test data.
This may be a time-related measure, for example, the difference
in time history responses, or a modal-related measure, for exam-
ple, difference in modal frequencies.Various optimization schemes
and least-square techniqueshave been suggested for the re� nement
process.

This paper describes a novel approach for the re� nement of � -
nite element models. The approach presumes that modal analysis
or system ID tests have been performed and that modal parameters,
such as frequencies, damping ratios, and mode shapes (at sensor
locations), have been identi� ed for modes in the range of interest.
The proposedapproachmodels thepossiblere� nementsin themass,
damping, and stiffness matrices of the � nite element model in the
form of a constant gain feedback with acceleration, velocity, and
displacement measurements, respectively. The freedom to change
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model parameters, as well as the relative degree of change desired
in one parameter with respect to the rest, is embedded in the el-
ements of the input and output in� uence matrices for the various
measurements. Once the elements of the input and output in� u-
ence matrices have been de� ned and � xed, the problem of model
re� nement reduces to obtaining position, velocity, and acceleration
gain matrices that reassigna desired subsetof the eigenvaluesof the
model, along with partial mode shapes, from their baseline to target
values.Hence, the problemof model re� nement becomes a problem
of eigensystemassignmentwith outputfeedback.However, symme-
try and the positivede� nitenessrequirementof the mass matrix, and
the positive de� niteness (semide� niteness if rigid-body modes are
present) requirement of the stiffness and damping matrices, neces-
sitates that gain matrices should be constrainedsuch that the re� ned
mass matrix remains symmetric and positivede� nite and the re� ned
stiffness and damping matrices remain symmetric and positivede� -
nite (semide� nite). Moreover,the re� nementsin the systemmatrices
should accommodate the sparsity of the nominal model, such that
unwarranted additional connections are not introduced through re-
� nement. In this paper, a procedure for obtaining symmetric gain
matrices via eigensystem assignment is described � rst. To perform
the required eigensystem assignment, a modi� ed procedure to the
sequential algorithm outlined in Ref. 4 is followed. The modi� ed
procedureprovides the ability to use accelerationfeedback, needed
to re� ne themassmatrix,as well as thecapabilityto assigneigenvec-
torspartially.Second,additionalconstraints,in the formof quadratic
inequality constraints, are outlined to render the symmetric gain
matrices dissipative, thus guaranteeing the stability of the re� ned
model. Finally, quadratic equality constraints are introduced to ac-
commodate the sparsity requirements of the re� ned model. A nu-
merical example involvingmodel re� nement of a structural testbed
at NASA Langley [CSI evolutionarymodel (CEM) phase II] is pre-
sented to demonstrate the application of this approach.

Model Re� nement
By observingof thenominaldynamicalmodelof the systemgiven

in Eq. (1), the dynamics of the re� ned system may be written as

(M + D M )ẍ + (D + D D) Çx + (K + D K )x = H f (2)

where D M is a symmetric matrix representing the re� nement in
the mass matrix, satisfying (M + D M ) > 0; D D is a symmetric
matrix representing the re� nement in the damping matrix, satisfy-
ing (D + D D) > 0; and D K is a symmetric matrix representing the
re� nement in the stiffness matrix, satisfying (K + D K ) > 0. Note
that the positive de� niteness conditions for the re� ned stiffness and
damping matrices reduce to positive semide� niteness in the pres-
enceof rigid-bodymodes.Now, expandthe re� nementgainmatrices
as follows:

D M = L M G M LT
M , D D = L D G D L T

D , D K = L K G K L T
K

(3)

where L M is a matrix representing the distribution of re� nements
that are allowed in the mass matrix. The elements of matrix L M can
vary depending on what elements in the mass matrix are chosen to
vary. For example, if the chosen element of the mass matrix is the
one at the i th row and column, then all of the elements of the i th row
of matrix L M may be chosen to be zeros, except one, which is set to
1. The matrix G M represents the symmetric gain matrix associated
with the mass matrix (acceleration gain matrix) that determines the
extent of the re� nement. The matrices L D , G D , L K , and G K are
similarly de� ned to characterize the re� nement for the damping
and stiffness matrices, respectively.Note that the re� nements in the
mass, damping, and stiffness matrices may be viewed as symmet-
ric, constant-gainacceleration,velocity, and position feedback.The
system equations for the re� ned system may be rewritten as follows

M ẍ + D Çx + K x = H f + u

u = ¡
£
L K G K LT

K L D G D LT
D L M G M L T

M

¤
8
<

:

x

Çx

ẍ

;
=

; (4)

Assume that a number of modes in the desired frequency range
havebeenidenti� edvia a systemID procedure,and let the modal fre-
quencies,damping ratios, and modal amplitudes (at the disturbance
and measurement locations) be denoted by X t , Zt , and U t , respec-
tively. Here, X t is an r £ 1 real vectorof natural frequenciesof the r
identi� ed modes;Zt is an r £ 1 real vector of modal damping ratios;
and U t is an s £ r complex matrix, whose r columns represent the
mode shapes of these identi� ed modes at s locations. After noting
that, for real systems, complex eigenvaluesoccur in conjugatepairs,
let the target eigenvalues and eigenvectors be de� ned as

K 2i ¡ 1
t = ¡ Zi

t X
i
t + j X i

t

q
1 ¡ Zi2

t , W 2i ¡ 1
t = U i

t

K 2i
t = ¡ Zi

t X
i
t ¡ j X i

t

q
1 ¡ Zi2

t , W 2i
t = U i

t

i = 1, . . . , r (5)

The overbarin theexpressionsin this sectionrefer to complexconju-
gation of the elements of the correspondingvector (or matrix) only,
as opposed to the Hermitian operator, which involves transposition
and complex conjugation. Now the problem of model re� nement
may be expressed as the problem of � nding symmetric accelera-
tion, velocity, and position gain matrices (G M , G D , and G K ) such
that the 2r eigenvalues of the system
¡
M + L M G M LT

M

¢
ẍ +

¡
D + L DG D LT

D

¢
Çx

+
¡
K + L K G K L T

K

¢
x = H f (6)

are assigned to K i
t , i = 1, 2, . . . , 2r , and the s elements of corre-

sponding eigenvectors are assigned to W i
t , i = 1, 2, . . . , 2r , subject

to the condition that the re� ned mass, damping, and stiffness ma-
trices are positive de� nite. The partial assignment of eigenvectors
may be de� ned as

R̃ U = W t (7)

where matrix R̃ represents the in� uence coef� cient matrix for the
system ID sensor locations.The procedure developedand followed
to compute the gain matrices is described in the next section.

Re� nements in Damping Matrix
via Eigensystem Assignment

The task of assigning the eigenvalues and partial eigenvectorsof
the system in Eq. (6) with symmetric output feedback gain matrices
is accomplished using a sequential algorithm described by Ref. 4.
The algorithm is modi� ed here to accommodate the partial eigen-
vector assignment and acceleration terms to include re� nements in
the mass matrix. For the simplicity of presentation, the procedure is
described for re� nements in the damping matrix alone and then for
an all inclusive model re� nement.

In each step of the sequential procedure, one conjugate pair of
eigenvaluesis assigned to desired values while making sure that the
previously assigned eigenvalues are not disturbed. The procedure
uses a � rst-order descriptor representation of the system, obtained
from Eq. (6),

³
I 0

0 M

´»
Çx

ẍ

¼
=

³
0 I

¡ K ¡ D

´»
x

Çx

¼
+

³
0

L D

´
u +

³
0

H

´
f

u = ¡ G D LT
D Çx = ¡ G D

£
0 LT

D

¤ »
x

Çx

¼
´ ¡ G DCD

»
x

Çx

¼
(8)

that is, the descriptor form

E Çz = Az + Bu + Pf , u = ¡ G DCDz (9)

where

z =

»
x

Çx

¼

representsthe state in the � rst-orderdescriptor form, with CD = BT .
A brief description of the sequential procedure is given next. The
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reader is referred to Ref. 4 for a thorough description of the proce-
dure.

1) The procedure employs the generalized ordered real Schur
transformationsof the system matrices, E and A.

2) Orthogonal transformations are used to move previously as-
signedeigenvaluepairs to the top left blockof the pair ( Ẽ , Ã), where
( Ẽ , Ã) are in ordered real Schur form,5 and the structureof the new
gain matrix is prescribed such that it only affects the eigenvalues
in the lower bottom partition of the system matrices. For example,
assume that (k ¡ 1) conjugate pairs of the eigenvalues have been
placed in the previous steps and that they are in the top left block
of ( Ẽ , Ã). Let ÑDk denote a matrix whose columns form an orthog-
onal basis for the left null space of C̃Dk1 , that is, ÑDk is a matrix
with orthogonalcolumnssuch that Ñ T

Dk
C̃Dk1 = 0. Here, C̃Dk1 denotes

the � rst 2(k ¡ 1) column partition of the output in� uence matrix in
transformed coordinates. If the gain matrix in the transformed co-
ordinates G̃ Dk is constructed as

G̃ Dk = ÑDk Ĝ Dk Ñ T
Dk

(10)

where Ĝ Dk may be an arbitrary matrix, then output feedback with
the gain matrix will not affect the (k ¡ 1) eigenvaluepairs assigned
in the earlier steps.

3) At each step, an intermediate gain matrix is computed to as-
sign a pair of eigenvaluesto desiredvalues in lower bottompartition
of the system matrices. The algorithm used in this eigenvalue as-
signment was initially developed in Ref. 4, but is modi� ed here to
accommodate partial eigenvectorassignment as well.

4) At each step, after computingthe gain matrix that assignsa pair
of desired eigenvalues, the intermediate state matrix is transformed
to a generalized Schur form with all earlier assigned eigenpairs in
the top left block of the updated system matrix.

5) The overall gain matrix is constructed by accumulating the
gains from each step.

6) This process can be continued until up to m eigenvalues have
been assigned to the desired locations,where m denotes the number
of inputs or outputs.

Eigenpair Assignment
This section describes the approach to select output feedback

gains to assign one pair of complex-conjugate eigenvalues, while
ensuring that the gain matrix is symmetric and the partial eigenvec-
tors are as close as possible to their corresponding target vectors.
Assume that the kth eigenpair is to be assigned.For notational sim-
plicity, the system matrices will be denoted as E22 , A22 , B2, and
C2 , the output feedback gain matrix will be denoted as G, and the
desired eigenvalue pair will be denoted ( k , ¯k ). The problem is to
select a symmetricmatrix G, such that ( k , ¯k ) is a generalizedeigen-
pair of the closed-loopsystem matrix, (E22 , A22 ¡ B2GC2), and the
eigenvectors are partially assigned to desired values, as given in
Eq. (7).

Let Á be the eigenvector corresponding to the eigenvalue k . The
generalizedeigenvalueproblembecomes (k E22 ¡ A22 + B2GC2)Á =
0. This expression can be rewritten as

[ k E22 ¡ A22 j B2]

"
Á

– – –

GC2Á

#

´ C

"
Á

– – –

GC2Á

#

= 0 (11)

It is obvious from Eq. (11), that the vector on the right-hand side
of the expression must lie in the right null space of C . Let N be a
matrix whose columns form an orthogonal basis for the null space
of C , that is, C N = 0. Note that unlike an actual control design
problem where the number of inputs/outputs are usually � xed, we
may choose the number inputs (parameters that can be changed in
the model) large enough as to provide the freedom to assign the
desired eigenvalues and speci� ed elements of the corresponding
eigenvectors. Although E22 , A22, and B2 are real matrices, C and
N are complex matrices because the eigenvalue k is a complex
scalar. However, to ensure that the gain matrix is real, the eigenvec-
tor corresponding to the complex-conjugate eigenvalue is chosen
to be the complex conjugate of Á, that is, Á̄ is chosen to be the
eigenvector corresponding to ¯k .

Because columns of N span the null space of C , it follows that
"

Á
– – –

GC2Á

#

= N® =

"
N1

– – –

N2

#

® (12)

where ® is an arbitraryvectorof complex elementsand the matrices
N1 and N2 are formed by partitioning N compatibly with Á and
GC2Á. From Eq. (12), Á = N1® and GC2Á = N2®, which leads to

GC2 N1® = N2® (13)

The eigenassignment problem is now reduced to selecting ® such
that there exists a symmetricgain matrix G satisfyingEq. (13). With
Á̄ being the eigenvector corresponding to ¯k , real solutions for the
gain matrix G can be obtained,and the equations can be written out
to involve only real arithmetic operations as follows.

For the eigenvalue ¯k , with eigenvector Á̄, the matrix ¯C =
[¯k E22 ¡ A22 j B2], and N̄ is a matrix whose orthogonal columns
span the null space of ¯C . If the arbitrary coef� cient vector is chosen
to be ®̄, the complex conjugate of ®, then it follows that

GC2 N̄1®̄ = N̄2®̄ (14)

Equation (13) or Eq. (14) can be rewritten as

GC2[Re(N1) ¡ Im(N1)]

³
Re( a )

Im( a )

´

= [Re(N2) ¡ Im(N2)]

³
Re( a )

Im( a )

´
(15)

and

GC2[Im(N1) Re(N1)]

³
Re( a )

Im( a )

´
= [Im(N2) Re(N2)]

³
Re( a )

Im( a )

´

(16)

where Re( ) denotes real part of the argument and Im( ) denotes
imaginary part of the argument. In compact form these equations
are written as

GW1p = V1p, GW2p = V2p (17)

where p =[Re(®T ) Im(®T )]T , W1 =C2[Re(N1) ¡ Im(N1)], V1 =
[Re(N2) ¡ Im(N2)], W2 =C2[Im(N1) Re(N1)], and V2 =
[Im(N2) Re(N2)]. Note that Eq. (17) is a system of quadraticequa-
tions in the unknown variables, namely, the elements of the gain
matrix G and the coef� cient vector p. Furthermore, the elements of
G should be constrainedsuch that G is symmetric, and the solution
of the system has to yield an eigenvector, for the whole system, T
that satis� es the partial eigenvector conditions of Eq. (7), that is,

RU T = W 2k ¡ 1
t (18)

where R =[ R̃ 0] is the corresponding coef� cient in the descrip-
tor form of the system equations, U is the right unitary matrix in
the generalized Schur form at the kth step (that keeps the closed-
loop matrices in real Schur form), and W 2k ¡ 1

t is the target partial
eigenvector for the kth step. Note that, if the condition of Eq. (18)
is satis� ed for one of the eigenvectors of the eigenpair, it would
identically satisfy its complex conjugate. Here, we assume that the
set of earlier assigned eigenvalues does not match the remaining
eigenvalues of the system, either before or after the eigenpair as-
signment.This mild assumption ensures that the eigenvectorsof the
earlier assigned eigenvalues/eigenvectors remain unchanged as ad-
ditional eigenvalues are assigned. Furthermore, this means that the
eigenvector condition of the type in Eq. (18) can be imposed one
mode at a time, and once imposed for an eigenvector, it need not
be reimposed again. Now, considering the eigenvalue problem of
the whole system for the eigenvalue being assigned, one can write

³
k E11 ¡ A11 k E12 ¡ A12 + B1GC2

0 k E22 ¡ A22 + B2GC2

´n’

Á

o
=

n
0

0

o
(19)
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Note that

T =
n’

Á

o

Solving for ’ in terms of Á, one obtains

’ = ¡ ( k E11 ¡ A11) ¡ 1( k E12 ¡ A12 + B1GC2)Á (20)

and by substituting for GC2Á and Á from Eq. (12), one has

u = N1 a

} = ¡ ( k E11 ¡ A11) ¡ 1([k E12 ¡ A12]N1 + B1 N2)® ´ Q® (21)

or

T =

³
Q

N1

´
® ´ S® (22)

Using Eq. (22) into Eq. (18) and expanding and separating the real
and imaginary parts, one has

RU[Re(S) ¡ Im(S)]

»
Re( a )

Im( a )

¼
= Re

¡
W 2k ¡ 1

t

¢

RU[Im(S) Re(S)]

»
Re( a )

Im( a )

¼
= Im

¡
W 2k ¡ 1

t

¢
(23)

Recalling the de� nition of vector p from Eq. (17) and combining
these equations, one obtains

Lp = q (24)

where

L =

³
RU Re(S) ¡ RU Im(S)

RU Im(S) RU Re(S)

´
, q =

»
Re

¡
W 2k ¡ 1

t

¢

Im
¡
W 2k ¡ 1

t

¢
¼

(25)

Therefore,a coef� cient vector p and a symmetric gain matrix G that
satisfy Eqs. (17) and (24) have to be found. The condition for the
existence of a symmetric gain matrix G that satis� es Eq. (17) has
been established in Ref. 4 and is given as the existence of a vector
p that satis� es

pT
¡
V T

1 W2 ¡ V T
2 W1

¢
p ´ pT Jp = 0 (26)

To summarize,theconditionsfor theplacementof an eigenpairof the
systemto desiredvalues,whilepartiallyassigningthecorresponding
eigenvectors to target values, reduces to computing a coef� cient
vector p that satis� es the quadratic equation given by Eq. (26) and
the linear system of equations represented by Eq. (24).

One possible approach to obtaining a coef� cient vector p that
satis� es Eqs. (26) and (24) would be to � rst solve for p in Eq. (24),
to obtain

p = L + q + NL ¯ (27)

where ( )+ is the pseudoinverse of ( ), NL is a matrix collecting a
set of basis vectors for the right null space of matrix L, and ¯ is a
coef� cient vector associatedwith the basis vector, yet to be de� ned.
Substituting for p from Eq. (27) into Eq. (26) yields

f (¯) ´ ¯T N T
L J NL¯ + ¯T N T

L J L +q + qT L + T
J NL ¯

+ qT L + T
J L + q = 0 (28)

Standard Newton methods for obtaining the solution of nonlin-
ear equations may be used to obtain a solution vector ¯. Ana-
lytic gradients of f (¯) are readily available because the gradi-
ent of any quadratic, f (¯) =¯T Q1¯ + 2QT

2 ¯ + c, is given by (@/
@¯) f (¯) = (Q1 + QT

1 )¯ + 2Q2 . The nonlinearproblemof Eq. (28)
is very well behaved because the function is quadratic in ¯ and an-
alytic gradients are linear in ¯.

Once a coef� cient vector p (or ¯) has been determined, the sym-
metric gain matrix G that assigns the desired complex-conjugate

eigenvaluesmay be obtainedas follows. Denote y1 = V1p, y2 = V2p,
x1 = W1p and x2 = W2p, and let X = [x1 x2] and Y =[y1 y2], then
Eq. (17) is rewritten as G X =Y . Let Q be an orthogonal matrix,
such that

QT Y =

³
Ỹ1

0

´
(29)

where Ỹ1 is a nonsingular 2 £ 2 matrix (otherwise, the problem is
solved trivially). The matrix Q can be obtained by QR factorization
of Y . Now, de� ne X̃1 , X̃2 as follows:

³
X̃1

X̃2

´
= QT X (30)

where X̃1 is a 2 £ 2 matrix, and X̃2 is a (m ¡ 2) £ 2 matrix. Now
X̃1 is nonsingular if x1 and x2 are linearly independent (otherwise,
the problem is trivial). De� ning G̃11 = Ỹ1 X̃ ¡ 1

1 , it can be seen that
³

G̃11 0

0 0

´³
X̃1

X̃2

´
=

³
Ỹ1

0

´
(31)

Therefore, it follows that the matrix G de� ned as

G = Q

³
G̃11 0

0 0

´
QT (32)

satis� es G X =Y
Note that if onlyeigenvalueassignmentis required,that is, it is not

required to perform partial eigenvector assignment, then the solu-
tion vector p does not have to satisfyEq. (24), and only the quadratic
equation given by Eq. (26) needs to be satis� ed. The solution to this
equationcan be obtainedthroughstandardNewton methodsas men-
tioned earlier. However, because Eq. (26) is a simple quadratic, the
check for existence and computation of a solution can be achieved
via examinationof the matrix J . A solutionvector exists if and only
if the symmetric part of J is either inde� nite or semide� nite. If the
symmetric part of the matrix has zero eigenvalues, then any cor-
responding eigenvector is a solution for vector p. If the symmetric
part of J is inde� nite, then any linear combination of eigenvectors
of the symmetric part, whose correspondingeigenvalues are not all
of the same sign, quali� es as a solution, if the coef� cient of the
linear combination are chosen such that the quadratic in Eq. (26)
vanishes.

Once thegain matrixG is computed,thecurrentre� nementsin the
damping matrix, represented by G̃ Dk is determined from Eq. (10),
and the overall re� nement is updated as

G D Ã G D + G̃ Dk
(33)

The procedure described thus far determines a symmetric gain ma-
trix that reassigns a desired subset of the eigenvalues of the model,
along with partial mode shapes, from their baseline to target val-
ues. However, the symmetry of the gain matrix does not necessarily
guarantee that the re� ned (combined) model remains stable. Be-
cause in most situations the � exible system is open-loopstable, any
re� nements to the analyticalmodel should be such to maintain that
stability.One approach to this could be to use the design freedomin
the solution vector p and impose constraints on eigenvalues of the
re� ned damping matrix. However, this could be cumbersome, par-
ticularly,when the size of the system is large (thousandsor hundreds
of thousandsof degrees of freedom). Another approach could be to
use the freedom beyond eigensystemassignment [quadratic equali-
ties in Eqs. (26) or (28)] to reduce some measure of the gain matrix
G that represents the re� nement in the damping matrix. This can
be accomplished, for example, by imposing inequality constraints
in the form of

|
|p

T V T
i W j p|

| ¸ d i j pT V T
i Vi p, i = 1, 2, j = 1, 2 (34)

where d i j are positive scalars whose values can be used to adjust the
norm of the gain matrix.
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Alternatively, one can require that the current gain matrix G̃ Dk

be dissipativeat every sequence.Although the dissipativityrequire-
ment can be constraining, it will guarantee that the re� ned system
remains stable. In other words, at every sequence, a pair of eigen-
values are assigned via a symmetric and dissipative gain matrix.
Reference 4 provides a set of constraints to impose dissipativity of
the gain matrix in this setting. These constraints are in the form of
quadratic inequality constraints in the solution vector p as follows:

f1( p) = pT
©

V T
1 W1 + 1

2

¡
V T

1 W2 + V T
2 W1

¢ª
p ¸ 0

f2( p) = pT
©

V T
1 W1 ¡ 1

2

¡
V T

1 W2 + V T
2 W1

¢ª
p ¸ 0

f3( p) = pT
©

V T
2 W2 + 1

2

¡
V T

1 W2 + V T
2 W1

¢ª
p ¸ 0

f4( p) = pT
©

V T
2 W2 ¡ 1

2

¡
V T

1 W2 + V T
2 W1

¢ª
p ¸ 0 (35)

These quadratic constraints go well with the quadratic symmetry
conditiongiven in Eq. (26), and hence, the appealingcomputational
natureof the algorithmis retained.Anotherpossible approachcould
be to require that at each sequence of the eigensystem assignment
procedure the overallgain matrix G D remains positive semide� nite,
that is, the gain matrix is dissipative.

Sparsity Accommodation
In most applicationsinvolving� exible systems, the system matri-

ces are not fully populatedmatrices.On the contrary, these matrices
exhibit signi� cant sparsity.However, the formulationpresentedthus
far for model re� nement does not consider or incorporate possible
sparsityin the system.It is essentialto havesucha capabilitybecause
it may not be practical to produce re� ned models that have different
sparsity (bandwidth) than the nominal model. One exceptioncan be
in applications wherein identi� cation of possible missing elements
(connectivity) in the nominal model is of concern.

To accommodate sparsity in the dampingre� nement, assume that
the re� nement in� uence matrix L D is de� ned such that each of its
columns has only one nonzeroelement. In other words, no coupling
in matrix L D is considered between the degrees of freedom con-
sidered for re� nement. This assumption would isolate any potential
couplings between the degrees of freedom in the elements of the
gain matrix G D . Also, this assumption would not result in any loss
of generality because any coupling in in� uence matrix L D can be
absorbed into the gain matrix.The procedure to incorporatesparsity
in the damping matrix re� nements follows.

As mentioned earlier, the placement procedure is sequential
wherein at each sequence the model is re� ned such that a pair of
complex-conjugateeigenvalues (and possibly partial eigenvectors)
are reassigned to match system ID values. At step k of this proce-
dure, the local gain matrix G must satisfy the conditionsestablished
in Eq. (17), such that

G[W1p W2p] = [V1p V2p] (36)

Note that, in this equation and the following development, the sub-
script k, denoting the step number, has been omitted to improve the
clarity of presentation. Moreover, for this re� nement not to effect
the (k ¡ 1) eigenpairs earlier matched by the algorithm, the overall
gain matrix at step k, G̃, must be de� ned via Eq. (10). The required
sparsity in the re� nement matrix should be incorporated in the el-
ements of matrix G̃. Now assume that sparsity requires that super
diagonal elements j1 , j2 , . . . , jq of the i th row of G̃ must be zero,
where q is the number of zero-valued elements. It can easily be
shown that Eq. (36) is satis� ed identically if

Ñ GÑ T Ñ[W1p W2p] = Ñ[V1p V2p]

leading to

G̃[W̃1p W̃2p] = [Ṽ1p Ṽ2p] ! G̃W̃ = Ṽ (37)

For a gain matrix G̃, with vanishing super diagonal elements j1,
j2 , . . . , jq in its i th row, to exist while satisfying Eq. (37), the i th
row of matrix Ṽ , Ṽ i , must be in the range space of the rows of W̃c,

where W̃ c includes all rows of W̃ except rows j1, j2 , . . . , jq . From
linear matrix theory, Ṽi is in the range space of W̃c iff all rows of
W̃c are orthogonal to the right null space of Ṽi , that is,

W̃cṼ ?
i = 0 (38)

The i th row of matrix Ṽ is a 1 £ 2 vector de� ned as [Ṽ1i p Ṽ2i p],
where the subscript i refers to the i th row of the matrix. The right
null vector of Ṽi may be written as

Ṽ ?
i =

»
Ṽ 2i p

¡ Ṽ 1i p

¼
(39)

Using Eq. (39) in Eq. (38) and expanding W̃c as [W̃1cp W̃2cp], one
obtains

W̃1cpṼ2i p ¡ W̃2cpṼi1p = 0 (40)

Therefore, the condition for existence of a gain matrix G̃, with
vanishing super diagonal elements j1, j2 , . . . , jq in its i th row, is
a system of quadratic equalities in the coef� cient vector p. Similar
conditions can be established for vanishing elements in other rows
of matrix G̃ . These quadraticconditions,togetherwith the quadratic
equation given by Eq. (26) for symmetry, the quadratic inequalities
givenby Eq. (35) for dissipativity,and the linear system of equations
provided by Eq. (24) for partial eigenvector assignment constitute
the complete conditions for sparse damping matrix re� nement.

The computation of the gain matrix in the presence of sparsity
conditions requires a different treatment than described earlier [see
Eq. (32)]. Here, the gain is directly computed from the solution of
simultaneous equations that impose eigenvalue assignment, sym-
metry, and sparsity conditions. Once, a feasible coef� cient vector
p, satisfying the quadratic and linear requirementsdescribed earlier
for sparse re� nement, has beenobtained.Then, the system of simul-
taneousequationsthat yields the elements of the local gain matrix G
are derivedas follows.Denote X =[W1p W2p] and Y =[V1p V2p];
then transposing Eq. (36) gives

X T G = Y T (41)

Packing the columns of matrix G to obtain vector g, Eq. (41) may
be rewritten as

2

6664

X T 0 ¢ ¢ ¢ 0

0 X T
...

...
... ¢ ¢ ¢

. . . 0

0 ¢ ¢ ¢ 0 X T

3

7775 g = Yp (42)

where vector Yp denotes the columns of matrix Y T packed in a
columnwise manner. The condition for symmetry of matrix G may
be written as

Sg = 0 (43)

where S is a coef� cient matrix with ¡ 1, 0, or 1 for its elements.
Finally, the condition for proper sparsity of matrix G̃ or Ñ G Ñ T

may be written as

Pg = 0 (44)

where P is a coef� cient matrix whose elements depend on the el-
ements of the matrix Ñ . Now the gain matrix G (or gain vector g)
can be computed by solving the system of simultaneous equations
given by Eqs. (42–44). Note that typically there would a great deal
of sparsity in the coef� cient matrices of Eqs. (42–44) so that sparse
solvers would be ideal for obtaining the solution. Alternatively,one
can solve � rst for g from Eqs. (43) and (44), that is,

g = NSP µ (45)

where the matrix NS P is a set of basis vectors for the right null space
of matrix

³
S

P

´
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and µ is the coef� cient vector yet to be determined. Substitute for
g from Eq. (45) into Eq. (42) and solve for µ to obtain the gain
solution. This alternative may be the best approach because there
may be times where a completely feasible solution for p cannot be
obtained. In such a case, its best to guarantee that the re� nement is
feasible by being symmetric and having proper sparsity [Eqs. (43)
and (44)], and then attempt to match the system ID data as close as
possible [Eq. (42)].

Before ending this section on incorporationof sparsity, it should
be mentioned that if degrees of freedom for model re� nement can
be chosen such that the re� nement matrices take a block-diagonal
form, then a much easier procedure, one that is very similar to the
case with no sparsity, may be followed. For example, assume that
the gain matrix at step k is supposed to have the form

Ñ G Ñ T =

³
G̃1 0

0 G̃2

´
(46)

As stated earlier, it can easily be shown that the condition for eigen-
pair assignment [Eq. (36)] is satis� ed identically if

Ñ GÑ T Ñ[W1p W2p] = Ñ[V1p V2p]

which, along with Eq. (46), becomes
³

G̃1 0

0 G̃2

´
Ñ[W1p W2p] = Ñ [V1p V2p]

leading to

G̃1 Ñ 1[W1p W2p] = Ñ 1[V1p V2p]

G̃2 Ñ 2[W1p W2p] = Ñ 2[V1p V2p] (47)

where matrices Ñ1 and Ñ2 are partitions of Ñ according to rows
of matrices G̃1 and G̃2, respectively. These equation are almost
identicalto thoseobtainedfor thecasewith no sparsity[seeEq. (17)].
The maindifferencehere is that thereare two gainmatricesforwhich
the conditions of symmetry and/or dissipativity have to satis� ed.

General Model Re� nements
The approach for a total model re� nement, which includes re-

� nements in the mass, damping, and stiffness matrices, parallels
the one described in the preceding sections for the re� nement in
the damping matrix alone. In each step of the sequential procedure,
one conjugatepair of eigenvaluesis assignedto desiredvalues while
making sure that the earlier assigned eigenvalues are not disturbed.
The procedure uses a � rst-order descriptor representation of the
system, obtained from Eq. (6)
³

I 0

0 M

´»
Çx

ẍ

¼
=

³
0 I

¡ K ¡ D

´»
x

Çx

¼

+

³
0 0 0

L M L D L K

´8
<

:

uM

uD

uK

;
=

; +

³
0

H

´
f

uM = ¡ G M LT
M ẍ = ¡ G M

£
0 LT

M

¤ »
Çx

ẍ

¼
´ ¡ G M CM

»
Çx

ẍ

¼

uD = ¡ G D L T
D Çx = ¡ G D

£
0 L T

D

¤ »
x

Çx

¼
´ ¡ G DCD

»
x

Çx

¼

uK = ¡ G K LT
K x = ¡ G D

£
LT

K 0
¤ »

x
Çx

¼
´ ¡ G DCK

»
x
Çx

¼
(48)

that is, the descriptor form

E Çz = Az + Bu + Pf , u =

8
<

:

uM

uD

uK

;
=

; (49)

The same sequentialprocedure is now used to assign the eigenpairs,
one at a time. As in the damping case, the structureof the three gain

matrices, G M , G D and G K , is prescribedsuch that it only affects the
eigenvalues in the lower bottom partition of the system matrices.
For example, assume that (k ¡ 1) conjugatepairs of the eigenvalues
have been placed in the earlier steps and that they are in the top left
blockof ( Ẽ , Ã). Let ÑMk , ÑDk , and ÑKk be matrices whose columns
form an orthogonal basis for the left null space of C̃Mk1 , C̃Dk1 , and
C̃K k1 respectively.Here, C̃Mk1 , C̃Dk1 , and C̃Kk1 are the � rst 2(k ¡ 1)
column partitions of the output in� uence matrices in transformed
coordinates. If the gain matrices (in the transformed coordinates)
are constructed as

G̃ Mk = Ñ Mk Ĝ Mk Ñ T
Mk

, G̃ Dk = Ñ Dk Ĝ Dk Ñ T
Dk

G̃ Kk = Ñ Kk Ĝ Kk Ñ T
Kk

(50)

with Ĝ Mk , Ĝ Dk , and Ĝ Kk arbitrary matrices, then output feedback
with the gain matrices will not affect the (k ¡ 1) eigenvalue pairs
assigned in the earlier steps.

The approach to select output feedbackgains is describednext, to
assign one pair of complex-conjugate eigenvalues, while ensuring
that the gain matrices are symmetric and the partial eigenvectors
are as close as possible to their corresponding target vectors. As-
sume that the kth eigenpair is to be assigned. For notational sim-
plicity, the system matrices will be denoted as E22, A22, BM2 , CM2 ,
BD2 , CD2 , BK2 , and CK2 , the output feedback gain matrices Ĝ Mk ,
Ĝ Dk , and Ĝ Kk will be denoted, respectively, as Ga , Gv , and Gd ,
and the desired eigenvalue pair will be denoted ( k , ¯k ). The prob-
lem is to select symmetric matrices Ga , G v , and Gd , such that
( k , ¯k ) is a generalized eigenpair of the closed-loop system ma-
trix, (E22 + BM2 GaCM2 , A22 ¡ BD2 G v CD2 ¡ BK2 GdCK2 ), and the
eigenvectors are partially assigned to desired values, as given in
Eq. (7).

Let Á be the eigenvector corresponding to the eigenvalue k . The
generalized eigenvalueproblem becomes£

k
¡
E22 + BM2 GaCM2

¢
¡ A22 + BD2 Gv CD2 + BK2 GdCK2

¤
Á = 0

(51)

This expression can be rewritten as

£
k E22 ¡ A22 k BM2 BD2 BK2

¤

2

664

Á

GaCM2 Á

Gv CD2 Á

GdCK2 Á

3

775

´ C

2

664

Á

GaCM2 Á

G v CD2 Á

Gd CK2 Á

3

775 = 0 (52)

It is obvious from Eq. (52), that the vector on the right-hand side of
the preceding expression must lie in the right null space of C . Let
N be a matrix whose columns form an orthogonalbasis for the null
space of C , that is, C N =0. Because columns of N span the null
space of C , it follows that

2

664

Á

GaCM2 Á

G v CD2 Á

Gd CK2 Á

3

775 = N® =

2

664

N1

N2

N3

N4

3

775® (53)

where ® is an arbitrary vector of complex elements and the matri-
ces N1 , N2 , N3, N4 are formed by partitioning N compatibly with
Á, GaCM2 Á, Gv CDÁ, and GdCK2 Á. From Eq. (53), one has

Á = N1®, GaCM2 Á = N2®

G v CD2 Á = N3®, Gd CK2 Á = N4® (54)

or

GaCM2 N1® = N2®, Gv CD2 N1® = N3®

Gd CK2 N1® = N4® (55)
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Following algebraic manipulations, similar to those outlined in
Eqs. (13–17) for the damping re� nement case, the eigenpair as-
signment problem reduces to the solution of

GaWM1 p = VM1 p, Ga WM2 p = VM2 p, G v WD1 p = VD1 p

G v WD2 p = VD2 p, Gd WK1 p = VK1 p, Gd WK2 p = VK2 p
(56)

where p = [ReT (®) ImT (®)]T . The matrices WM1 , WM2 , WD1 ,
WD2 , WK1 , WK2 , VM1 , VM2 , VD1 , VD2 , VK1 , and VK2 are formed from
the imaginary and real parts of the matrices CM2 , CD2 , CK2 ,
N1 , N2, N3, and N4 , similar to what was done for the damping re-
� nement case in Eqs. (15) and (16). Note that Eq. (56) is a system of
quadraticequations in the unknown variables, namely, the elements
of the gain matrices Ga , Gv , and Gd and the coef� cient vector p.
The elements of the gain matrices should be constrained such that
they are symmetric, and the solution of the system has to yield an
eigenvector T for thewhole system,whichsatis� es thepartialeigen-
vector conditions of Eq. (18) for the kth eigensystem assignment.
The assumption that the set of earlier assignedeigenvaluesdoes not
match the remaining eigenvalues of the system, either before or af-
ter the eigenpair assignment still holds here. Now, considering the
eigenvalue problem of the whole system for the eigenvalue being
assigned, one can write

³
X11 X12

0 X22

´»
’

Á

¼
=

»
0

0

¼
, X11 = k E11 ¡ A11

X12 = k
¡
E12 + BM21 GaCM2

¢
¡ A12 + BD21 Gv CD2 + BK21 GaCK2

X22 = k
¡
E22 + BM22 GaCM2

¢
¡ A22 + BD22 Gv CD2

+ BK22 GaCK2

(57)

Note that

T =

»
’

Á

¼

Solving for ’ in terms of Á, one obtains

’ = ¡ X ¡ 1
11 X12Á (58)

and by using Eq. (54), one has

Á = N1 a

’ = ¡ X ¡ 1
11

¡
[ k E12 ¡ A12]N1 + k BM21 N2 + BD21 N3

+ BK21 N4

¢
a ´ Q® (59)

or

T =

³
Q

N1

´
® ´ S® (60)

Using Eq. (60) into Eq. (18) and expanding and separating the real
and imaginary parts, one obtains an expression similar to the one
for the damping case [see Eq. (24)]

Lp = q (61)

where the matrix L and vector q have been de� ned in Eq. (25). The
condition for the existence of symmetric gain matrices Ga , G v , and
Gd that satis� es Eq. (56) reduces to the existence of a vector p that
satis� es

pT
¡
V T

M1
WM2 ¡ V T

M2
WM1

¢
p ´ pT J1p = 0

pT
¡
V T

D1
WD2 ¡ V T

D2
WD1

¢
p ´ pT J2p = 0

pT
¡
V T

K1
WK2 ¡ V T

K2
WK1

¢
p ´ pT J3p = 0 (62)

To summarize, the conditions for the placement of an eigenpair of
the system to desired values, while partially assigning the corre-
sponding eigenvectors to target values, reduces to computing a co-
ef� cient vectorp that satis� es the threequadraticequationsgivenby
Eq. (62) and the linear system of equationsrepresentedby Eq. (61).
This is very similar to the problem obtained for the damping re� ne-
ment case, with the exception that instead of one quadraticequation
we have three quadratic equations. Hence, the approach proposed
for the damping case, which involved a combination of the solu-
tion of the linear system of equations along with standard Newton
methods, may be used to solve for a feasible coef� cient vector p.
Once a coef� cient vector p is obtained, the procedure to compute
the gain matrices Ga , Gv , and Gd is straightforwardand follows the
treatment described for computing the gain matrix in the damping
re� nement case [see Eqs. (27–32)]. Once the gain matrices Ga , G v ,
and Gd (or matrices Ĝ Mk , Ĝ D j , and Ĝ K j

) are computed, the current
re� nements in the mass, damping, and stiffness matrices, repre-
sented by G̃ Mk , G̃ D j , and G̃ K j , are determined from Eq. (50), and
the overall re� nements are updated as

G M Ã G M + G̃ Mk , G D Ã G D + G̃ Dk , G K Ã G K + G̃K k

(63)

The procedure outlined determines symmetric gain matrices G M ,
G D , and G K that reassignsa desired subset of the eigenvaluesof the
model, along with partial mode shapes, from their baseline to target
values. As described for the case of damping matrix re� nements,
the symmetry of the gain matrices does not necessarily guarantee
that the re� ned (combined) model remains stable. Because, in most
situations, the � exible system is open-loop stable, any re� nements
to the analyticalmodel should be such to maintain that stability.One
approach to this could be to use the design freedom in the solution
vector p and impose constraintson eigenvaluesof the re� ned mass,
damping, and stiffness matrices. However, this could be cumber-
some, particularly when the size of the system is large (thousands
or hundredsof thousandsof degreesof freedom). Another approach
could be to use the freedom beyond eigensystem assignment to re-
duce some measures of the gain matrices G M , G D , and G K that
represent the re� nement in the system matrices. This can be accom-
plished, for example, by imposing inequality constraints similar to
those presented in Eq. (34) for each of the matrices.

Alternatively,one can require that the current gain matrices G̃ Mk ,
G̃ D j , and G̃ K j be dissipativeat every sequence.Althoughdissipativ-
ity requirementcan be constraining,it will guaranteethat the re� ned
system remains stable. In other words, at every sequence, a pair of
eigenvalues are assigned via a symmetric and dissipative gain ma-
trices.Similar to the damping case, dissipativityof the gain matrices
can be achieved through a set of 12 (4 per gain matrix) quadratic
inequality constraints in the solution vector p. The form of the in-
equality constraints for each gain matrix is exactly the same as the
ones given in Eq. (35), except that the appropriate coef� cient ma-
trices are used instead of matrices W1 , W2, V1, and V2. Yet another
approach could be to require that at each sequence of the eigen-
system assignment procedure the overall gain matrices G M , G D ,
and G K remain positive semide� nite, that is, the gain matrices are
dissipative.

Finally, the conditions for accommodating sparsity requirements
of each of the system matrices directly follows the development
for the damping re� nement. These conditions are expressed as
quadraticequalitiesin the coef� cient vector p, similar to those given
in Eqs. (40) or (47).

Numerical Example
The approach for model re� nement using eigensystem assign-

ment has been applied to a � nite element model of the phase II
CEM, a testbed for control of � exible space structures at NASA
Langley Research Center. Here, the proposed approach is used to
re� ne the damping and stiffnessmatrices of the structureusing sim-
ulated identi� ed modal frequencies and damping ratios.

The phase II CEM structure consists of a 62-bay central truss
(each bay is 10-in. long), along with two horizontal booms for
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suspension, a vertical laser, and a vertical re� ector tower, as shown
in Fig. 1. This structure has 10 modes with frequencies up to about
5 Hz and 95 modeswith frequenciesunder60 Hz. The � rst sixmodes
are rigid-body modes, due to suspension of the structure from the
laboratory ceiling, that have frequencies up to about 0.3 Hz. Eight
controlstationshousingcollocatedand compatiblesensorsand actu-
ators are locatedat the bays shown in Fig. 1. Air thrusters,providing
linear forces, are available at these locations along the directions
shown in Fig. 1. Linear velocities are assumed to be available at
these locations along the same directions.

An eight-degree-of-freedom structuralmodel, which includes the
� rst eight modes of the structure, is obtained following dynamic
condensation techniques and is used in this numerical example. A
low inherent damping ratio of 0.1% has been assumed for the each
of the eight modes. The nominal eigenvalues along with damping
and frequencies are shown in Table 1. Assume that only modes 2
and 8 are to be considered for re� nement and that the frequency of
mode 2 is low by 10% and its damping ratio is low by almost 25%,
and the frequency of mode 8 is high by 12% and its damping ratio
is low by almost 10%. Moreover, assume that the mass matrix is
perfectly known, such that no re� nements in the matrix is required.
However, it is desired to re� ne the damping and stiffness matri-
ces, using the proposed eigensystem assignment technique, such
that the frequencies and damping ratios of modes 2 and 8 of the
re� ned system matches the identi� ed values. No identi� ed eigen-
vectors are included, that is, there is no need for partial eigenvector
assignment.

Assume that there is uncertainty in the elements of the damping
and stiffness matrices corresponding to degrees of freedom 1, 2, 7,
and 8. The input/output in� uence matrices [see Eq. (3)] were then
chosen as

L K =

2

666666666664

1 0 0 0

0 1 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 1 0

0 0 0 1

3

777777777775

, L D = 0.1 £ L K (64)

to provide freedom for the appropriate elements of damping and
stiffness matrices to change.

Symmetric Re� nements
The � rst objective was to decrease the natural frequency of the

second mode by 10% and increase its damping ratio to 25% so that
the � rst target pair of eigenvalues was k 1,2 = ¡ 0.228 § 0.8841 j .

Fig. 1 Schematic of phase II CEM structure, with location of eight control stations.

First, symmetric position and rate gain matrices were sought to re-
assign this pair of eigenvalues. Following the procedure described
in the preceding section, the gain matrices were computed from the
solution of system of quadratic equation given in Eq. (62), except
for no equations corresponding to mass matrix re� nements. The
quadraticequations were solved using the MATLAB® (Ref. 5) non-
linear equation solver routine FSOLVE, which uses a Levenberg–

Marquardt method. The eigenvalues of the system, with the inter-
mediate position and rate gain matrices in place, are provided in
Table 2. Table 2 indicates that the complex-conjugate pair were
successfully reassigned to desired values. However, the resulting
re� ned system has an unstablepole on the real axis. This is to be ex-
pected because,as mentionedearlier, the symmetry of gain matrices
does not typically guarantee the stability of the system.

For the secondstep, the dampingratio in the mode 8 of the system
was to be increased to 10%, while its frequencywas to be decreased
by 12%, resulting in the second pair of desired eigenvalues to be
k 3,4 = ¡ 1.3149 § 13.0835 j . Followingthe sequentialapproachout-
lined, � rst the pair of complex-conjugate eigenvalues were placed
on the top left partition of the real Schur form of the system using
orthogonal transformations.6 Then, the gain matrices were de� ned

Table 1 Nominal eigenvalues

Open-loop Damping Frequency,
eigenvalues ratio rad/s

¡ 0.0008 § 0.8180 j 0.0010 0.8180
¡ 0.0008 § 0.8301 j 0.0010 0.8301
¡ 0.0009 § 0.8565 j 0.0010 0.8565
¡ 0.0011 § 1.1308 j 0.0010 1.1308
¡ 0.0011 § 1.1401 j 0.0010 1.1401
¡ 0.0019 § 1.9100 j 0.0010 1.9100
¡ 0.0107 § 10.7278 j 0.0010 10.7278
¡ 0.0149 § 14.9425 j 0.0010 14.9425

Table 2 Eigenvalues of re� ned system
with intermediate gains

Closed-loop Damping Frequency,
eigenvalues ratio rad/s

¡ 0.5018 § 0.6423 j 0.6156 0.8151
¡ 0.0068 § 0.8404 j 0.0081 0.8404
¡ 0.1148 § 0.8554 j 0.1330 0.8630
¡ 0.0068 § 0.8905 j 0.0076 0.8906
¡ 0.2283 § 0.8841 j 0.2500 0.9131
¡ 0.0222 § 10.6262 j 0.0021 10.6262
¡ 0.3956 § 14.4418 j 0.0274 14.4472
6.2235 ¡ 1.0000 6.2235
¡ 19.3636 1.0000 19.3636
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Table 3 Eigenvalues of re� ned system

Closed-loop Damping Frequency,
eigenvalues ratio rad/s

¡ 0.4955 § 0.5715 j 0.6551 0.7564
¡ 0.1219 § 0.8600 j 0.1403 0.8685
¡ 0.0054 § 0.8813 j 0.0062 0.8813
¡ 0.2283 § 0.8841 j 0.2500 0.9131
¡ 0.1458 § 4.9129 j 0.0297 4.9151
¡ 0.1640 § 12.8917 j 0.0127 12.8927
¡ 1.3149 § 13.0835 j 0.1000 13.1494
¡ 5.3957 § 15.7620 j 0.3239 16.6600

such that the eigenpair remain unchanged [see Eq. (50)] while the
new pair of eigenvalues were assigned. The cumulative position
and rate gain matrices G D and GK , which assign the two pairs of
complex conjugate eigenvalues,were computed to be

G D =

2

664

30.367 78.615 68.806 24.593

78.615 369.249 220.096 63.317

68.806 220.096 233.235 94.726

24.593 63.317 94.726 40.439

3

775

G K =

2

664

134.819 ¡ 26.937 ¡ 27.664 ¡ 81.395

¡ 26.937 15.249 23.763 9.922

¡ 27.664 23.763 38.679 6.733

¡ 81.395 9.922 6.733 36.126

3

775 (65)

The eigenvaluesof the system,with the positionand rate gain matri-
ces in place, areprovidedin Table 3, where it is observedthat the two
pairs of eigenvalueshad been successfullyassigned to the identi� ed
values. Furthermore, the resulting re� ned system is stable, although
there were no measures imposed to guarantee such stability. Also,
note that the remaining eigenvalues(those that were not reassigned)
have changed, some signi� cantly. One could make some of those
eigenvaluesinvariant during re� nement by allowing more elements
of the damping and stiffness matrices to change. The re� nements
in the damping and stiffness matrices are computed from Eq. (3).
From these equations, the re� nements in the damping and stiffness
matrices,namely, D D and D K , are of the same order as the matrices
themselves. However, because of the structures of the assumed L D

and L K , only the elements corresponding to degrees of freedom 1,
2, 7, and 8 are nonzero, and are given as

D D1 = 0.01 £ G D , D K1 = G K (66)

where G D and G K are given in Eq. (65).

Dissipative Re� nements
As mentioned earlier, there are a number of ways of guarantee-

ing that the re� ned system remains stable. One of the proposed
approacheswas to take advantageof the freedom beyond eigensys-
tem assignment and to determine the solution vector p such that the
gain matrices, representing the re� nements in the model, are dissi-
pative. In the second example, the same model re� nement problem
as in the � rst case was considered with the exception that position
and rate gain matrices were constrained to be dissipative. The po-
sition and rate gain matrices were computed from the solution of
the system of quadratic equalities, given by Eq. (62), and quadratic
inequalities,given by Eq. (35), except for no equations correspond-
ing to mass matrix re� nements. The gain matrices were determined
to reassign the eigenvalues of the second mode to its target val-
ues at k 1,2 = ¡ 0.228 § 0.8841 j . The system of quadratic equalities
and inequalities were posed in the form of a minimax problem and
was solved using MATLAB’s minimax solver routine MINIMAX.
The eigenvalues of the system, with the intermediate position and
rate gain matrices in place, are provided in Table 4. Table 4 indi-
cates that the complex-conjugatepair were successfully reassigned
to desired values. The remaining eigenvalues were all stable, that
is, the resulting re� ned system was stable. This is to be expected
because the dissipative nature of the gain matrices guarantees the

Table 4 Eigenvalues of re� ned system
with intermediate gains

Closed-loop Damping Frequency,
eigenvalues ratio rad/s

¡ 0.0025 § 0.8346 j 0.0029 0.8346
¡ 0.0137 § 0.8636 j 0.0158 0.8637
¡ 0.2283 § 0.8841 j 0.2500 0.9131
¡ 0.2313 § 1.1556 j 0.2002 1.1322
¡ 0.0127 § 1.9112 j 0.0066 1.9113
¡ 2.3693 § 4.8741 j 0.4372 5.4195
¡ 0.0633 § 10.8268 j 0.0058 10.8270
¡ 0.3471 § 14.8576 j 0.0234 14.8616

Table 5 Eigenvalues of re� ned system

Closed-loop Damping Frequency,
eigenvalues ratio rad/s

¡ 0.0023 § 0.8454 j 0.0027 0.8454
¡ 0.0094 § 0.8707 j 0.0108 0.8707
¡ 0.2283 § 0.8841 j 0.2500 0.9131
¡ 0.3734 § 1.1556 j 0.2943 1.2686
¡ 0.1416 § 6.3839 j 0.0222 6.3855
¡ 1.3149 § 13.0835 j 0.1000 13.1494
¡ 0.9821 § 13.2494 j 0.0739 13.2857
¡ 0.7522 § 14.4382 j 0.0520 14.4577

stability of the system. Next, the second pair of eigenvalues was
reassignedto k 3,4 = ¡ 1.3149 § 13.0835 j . Following the sequential
approach outlined, � rst the pair of complex-conjugateeigenvalues
were placed on the top left partition of the real Schur form of the
system using orthogonal transformations.6 Then, the gain matrices
were de� ned such that the � rst eigenpair remain unchanged [see
Eq. (50)] while the new pair of eigenvalueswere assigned. The cu-
mulative position and rate gain matrices G D and G K , which assign
the two pairs of complex-conjugateeigenvalues,were computed to
be

G D =

2

664

77.920 27.566 24.411 ¡ 60.682

27.566 46.150 22.419 12.532

24.411 22.419 63.469 6.453

¡ 60.682 12.532 6.453 257.219

3

775

G K =

2

664

60.661 ¡ 32.170 3.756 ¡ 121.149

¡ 32.170 42.725 ¡ 3.516 ¡ 7.936

3.756 ¡ 3.516 0.696 ¡ 1.421

¡ 121.149 ¡ 7.936 ¡ 1.421 455.059

3

775 (67)

The eigenvalues of the system, with the position and rate gain ma-
trices in place, are provided in Table 5, where it is observed that
the two pairs of eigenvalues had been successfully assigned to the
identi� ed values.Furthermore, the resultingre� ned systemis stable,
as expected. Also, note that the remaining eigenvalues (those that
were not reassigned) have changed, some signi� cantly. Again, one
could make some of those eigenvalues invariant during re� nement
by allowing more elements of the damping and stiffness matrices
to change. The re� nements in the damping and stiffness matrices
are computed from Eq. (3) and are given in Eq. (66), with the gain
matrices from Eq. (67).

Comparisons of the re� nements in each example indicate that no
conclusions can be made in regards to the direction or magnitude
of the computed re� nements. In these examples, the computed re-
� nements in damping matrix for the second example are typically
lower than those obtained for the � rst example. However, the situa-
tion is reversed for the re� nements in the stiffness matrix. This may
be attributed to the variability in the solutions of the minimax opti-
mization algorithmsas well as the nonlinearequationsolvers, in the
sense that they may convergeto differentsolutionsdependingon the
startingpoints. In these examples, the starting estimate for the solu-
tion vector p was randomly chosen, in each example. Conceivably,
one could attempt to exploit the freedom beyond eigensystem as-
signment to minimize, in some sense, the norm of the gain matrices
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to minimize the effective re� nement needed for partial model
matching.

Conclusions
This paper presented a novel approach for the re� nement of the

dynamic model of � exible structures using an eigensystem assign-
ment technique. The approach presumes that modal parameters,
such as frequencies, damping ratios, and mode shapes (at sensor
locations), have been identi� ed for modes in the range of interest.
The proposedapproachmodels thepossiblere� nements in themass,
damping, and stiffness matrices of the � nite element model in the
form of a constant gain feedback with acceleration, velocity, and
displacement measurements, respectively. The freedom to change
model parameters,as well as the relativedegreeof changedesired in
one parameter with respect to the rest, is embedded in the elements
of the input and output in� uence matrices for the various measure-
ments. Once the elements of the input and output in� uence matrices
have been de� ned and � xed, the problem of model re� nement re-
duces to obtainingposition,velocity,andaccelerationgain matrices,
with appropriate symmetry (and/or dissipativity) and sparsity that
reassign a desired subset of the eigenvalues of the model, along
with partial mode shapes, from their baseline values to those ob-
tained from system identi� cation test data. Hence, the problem of
mode re� nement becomes a problem of eigensystem assignment
with output feedback. The proposed procedure assigns one conju-
gate pair of eigenvaluesat each step using symmetric (or symmetric
and dissipative) output feedback gain matrices, while ensuring that
the eigenvaluesassigned in the earlier steps are not disturbed.More-
over, the procedureprovides that original sparsityof the system ma-
trices in nominalmodel is preserved.The advantagesof theproposed
approach are that 1) it provides a systematic and computationally
tractablemeans for exactmodel re� nement, that is, the re� nedmodel

would match the identi� ed values exactly, without dependence on
a nonlinear optimizer, and 2) it characterizes the freedom beyond
model re� nement for possible exploitation,which is inherent in the
elements of the input and output matrices, as well as the elements
of the position, velocity, and acceleration gain matrices. This free-
dom may be exploited to minimize the sensitivity of the re� ned
model, to minimize global or local changes to the system matrices,
etc. A numerical example, involving � nite element model re� ne-
ment for a structural testbed at NASA Langley Research Center
(CEM) was presented to demonstrate the feasibilityof the proposed
approach.
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